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Analysis of Flux-Split Algorithms for Euler's
Equations with Real Gases

B. Grossman* and R. W. Walters!
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

An analysis of flux-splitting procedures for the solution of Euler's equations with real gas effects is presented.
An alternative real gas flux splitting is derived which can easily be implemented into existing codes. This
approach, which takes the form of an "equivalent" y representation is not an ad hoc model, but is based on
theoretical considerations. Details of this method with the Steger-Warming and Van Leer flux-vector splittings
and the Roe flux-difference splitting are given. Applications of the method to several high Mach number,
high-temperature, equilibrium airflows are presented for one and two space dimensions.

Introduction

CURRENT emphasis on the hypersonic flight regime re-
quires the development of computational procedures for

flows with real gas effects. Many of the modern techniques of
computational fluid dynamics have algorithms that fall into
the category of "upwind" schemes.1 These methods, which
include flux-vector splitting and flux-difference splitting, uti-
lize difference procedures that are biased in the direction
determined by the signs of the characteristic speeds. These
approaches generally have been developed for perfect gases,
and the schemes do not directly extend to real gas flows. The
objective of this paper is to examine the derivation of the
upwind schemes of Steger-Warming,2 Van Leer,3 and Roe4

within the context of real gas effects.
Colella and Glaz5 have recently performed a detailed exam-

ination of real gas computational procedures. They have de-
veloped an approximate procedure based on a local parame-
terization of the equation of state and implemented the
method into a second-order Godunov scheme.

The present work was influenced by the approach of Ref. 5,
particularly the treatment of the equation of state. However,
by examining the details of existing flux-splitting procedures,
we have determined an alternative real gas flux splitting,
which can be easily implemented into existing codes. This
approach, which develops as an "equivalent" 7 representation
is not an ad hoc model, but is based on theoretical consider-
ations. The details of our procedure are presented in the next
section. Some preliminary computations for real gas flows in
one and two space dimensions are then described. These calcu-
lations indicate the accuracy of the method and the ability of
these procedures to be implemented into existing flux-vector
split and flux-difference split, perfect gas codes.

Analysis
In order to develop our algorithms for real gas flows, we

will first consider the one-dimensional Euler equations. We
write the equations in vector conservation form as

where
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where p is the density, u is the velocity, with the total energy
per unit mass E = e + u 2/2 and e being the internal energy per
unit mass.

We assume that we have a general equation of state of the
form

p = (3)

where the specific volume r = 1/p. The speed of sound can
then be determined as

(4)

where the relationship (de/dr)s =p stemming from the first
law of thermodynamics has been utilized. The partial deriva-
tives pe and pr are (dp/de)T and (dp/dr)e and are obtained, in
principle, from Eq. (3).

The first step of developing a flux-vector splitting is to
develop the Jacobian matrix A = dF/dQ. It is found that

A =

0 1 0

-u2 2u 0

- u
P

0 0 0

2u\ e — — i u2 —u

0 0 0

1 0 0

u 0 0

« -yJ u -1 (5)

This form of the matrix A is not very enlightening, although
it can be verified that the eigenvalues of A are u ± a and u
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with the speed of sound a defined by Eq. (4). A more interest-
ing form is seen by examining the form of the derivatives pe
and pT for a perfect gas, where

p = (y - l)e/r

For our real gas, we can consider an equivalent 7 such that

p=(y- l)e/T (6)

where obviously 7 = y(e, T). We have not lost any generality in
our real gas model, nor are we presupposing any behavior for
7. (However, as noted in Ref. 5, this function 7 will surely
vary more slowly than other thermodynamic variables since
for any values of e and r, even those varying over several
orders of magnitude, 7 will remain between 1 and 5/3.)

Replacing the pT and pe derivatives in Eq. (5) with

P

p
7-1

we obtain A as

A=A--yT

where

A =

0 0 0
1 0 0
u 0 0

0

-eyt

0 0
e - u2/2 u

u(e-u2/2) u2

1

0
-1
— u

(7)

0

(7-3)w2/2 (3-7)" 7-1
-yue + (7 - 2)w3/2 ye + (3 - 27>w2/2 yu

(8)

In this form we see that for a perfect gas where 7 = 7 and
yr = o, ye = 0 and A reduces to the familiar A matrix. How-
ever, for real gases, if we postmultiply A given by Eq. (7) by
the vector g, we find that

0

P
pu

(9)

Thus, unless the derivative yT = 0, the Euler equations will not
be homogeneous of degree one. This condition on the homo-
geneity of the Euler equations is consistent with the develop-
ment in Ref. 2. This property, F = AQ, is utilized in the
Steger-Warming2 flux-split scheme.

We can proceed to develop real gas versions of these
schemes by noting that the first term of Eq. (7), which reduces
to the matrix A for a perfect gas, has the property

(10)

Note that, in general, A ^ 3F/dQ, indicating that the splittings
developed utilizing Eq. (10) will be approximate.

Sieger-Warming Flux-Vector Splitting
We can develop an approximate flux splitting for real gases

following Steger and Warming2 by diagonalizing A as

A = 5- (U)

where A is a diagonal matrix whose elements are composed of
the eigenvalues of A, which are

A = 0 u +
0 0

0
0

u -a

where

(12)

(13)

Note that a is not the true speed of sound as given by Eq.
(4). The quantity 7 is not a ratio of specific heats, but is found
from T, e, and p, Eq. (6) as

_y = rp(T,e) (14)

The columns of the matrix S consist of the right eigenvectors
of A as

5 =
1

u + a
1

u — a
u2/2 H+ua H-ua

(15)

where the quantity H, which reduces to the stagnation en-
thalpy for perfect gases, is defined as

~ a2 u2

7-1 2

Now, a flux splitting may be developed by splitting A into a
non-negative matrix A+ and a non-positive matrix A~.

(16)

Then, we may write the flux as

F= AQ + A-)S-ie

The split fluxes F± are directly found for this case as

(18)

where

! = u, X2 = u + a, X3 = u - a V = l/z [A/ ± |X/1]

/ = !,.. .,3 (19)

The scheme is then implemented by using upwind (relative to
signal propagation speeds of Xf) derivatives for the spatial
derivatives of F±.

This approach may be observed to be an equivalent 7 per-
fect gas formulation. Indeed, it may be implemented by using
an equation of state/? = p(p,e) for the pressure, determining
7 with Eq. (14), and a2 from Eq. (13). The preceding analysis
shows which equivalent 7 to use. (Other forms that have been
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utilized elsewhere include

T = a2/pr

where a2 is the true speed of sound obtained from Eq. (4) and
not a2 as used here.) Note that in the present approach, the
fluxes are split according to the signs of u ± a and not u ± a.

Van Leer Flux-Vector Splitting
The same procedure can be carried over to the Van Leer flux

splitting.3 This scheme has continuously differentiable flux
contributions and has been shown to result in smoother solu-
tions near sonic points.6 The procedures of Ref. 3_ may be
extended to real gases by noting that we may write F as

F(p,a,M) =

paM
+ 1/7) (20)

where a is the "equivalent speed of sound" given by Eq. (13),
7 = y(e,T) given by Eq. (14), and the "equivalent Mach num-
ber" Mas

M=u/a (21)

The flux splitting based on A rather than A then becomes

ff
ff
ff /1

±[(7-1)M±2«]V2(72-1)
(22)

Note that if the flux-vector F were written in terms of the true
Mach number and speed of sound, then

F(p,a,M) =
paM

Pa2(M2

M2 7 1
2 r(7-i)J

(23)

where 7 is defined by Eq. (14) and T(pfr) = a2/pr. The proce-
dures of Ref. 3 will not work directly for Eq. (23) because of
the mixed 7 appearing in the energy flux.

Flux-Difference Splitting—Roe
The essence of flux-difference splitting techniques is the

solution of local Riemann problems stemming from the con-
sideration of piecewise uniform states between cell interfaces
on an initial data line. This procedure follows the spirit of
Godunov's early development and has been considerably ad-
vanced by a number of researchers, as described in the survey
papers of Refs. 1 and 4. Here we will follow the work of Roe.4
In Roe's approach, the solution to an approximate Riemann
problem is developed

(24)

where A is a (locally constant) matrix for each pair of initial
data (<gf ,2r). The requirements for A are described in Ref. 7
with the major property being

= A AQ (25)

where Ag = Qr - Q( and^AF=Fr - Ft. A straightforward
procedure for generating A is given for the case of a perfect
gas in terms of parameter vectors.7 We follow this procedure

for a real gas by introducing the parameter vector (shown here
in one space dimension) as

W=P (26)

For a perfect gas, both Q and F are quadratic in terms of the
components of W. For a real gas, this will not be true because
of the equation of state for p = p(e,r). This feature may be
more clearly elucidated by again introducing an equivalent 7
[as in Eq. (6)], which in terms of these variables

We see that

#3

W

-w2
2/2) (27)

W2+P (28)

The presence of y(e, T) in the pressure term Eq. (27) will
complicate the use of the parameter vector W as seen in Eq.
(28). We wish to find a matrix B such that

and a C such that

(29)

(30)

and then eliminate A W to determine a matrix A where AF = A
Ag:

A = CB~i (31)

In order to find B and C, we need the jumps in the quadratic
w terms in Eqs. (28) along with A/? from Eq. (27). The jump
A/7 is complicated by nonuniqueness associated with jumps
involving more than two terms (discussed by Roe7) and be-
cause the jump will involve A-y, which is not readily available
in terms of Aw. We may, however, take advantage of the fact
that across any cell interfaces the jumps in 7 will always be
relatively small. Then

y-±

y
y-±

y (32)

The A/terms represent the jumps fr —ft, and the </> terms
are used to represent the arithmetic mean value (l/2)(fr +fg).
The w terms also are used to represent < w >. It can be shown
that

7-l

and

0(Ay)2

7

4 (7-I) ; + 0(A7)2
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where 7 = (7). Thus, we can express A/7 as and

A/7 = (H>3AW1 - + ri>iAw3)

(33)

In order to complete the formulation of Ag and AFin terms
of A W, we need at least an approximation to Ay. An interest-
ing approach to this problem is found in Colella and Glaz5

where they developed a differential equation for 7 valid for
isentropic flow. This equation may be derived starting from_
Eq. (6) whereby

d7 = - dp + - dr - -| dee e e2

The first law of thermodynamics gives for an isentropic flow
de =p dr, and we may utilize a2 = -r2 d/7/dr (for an isen-
tropic flow) so that

«-«-»(•-*?)¥
and if we define

then

= a2/pr (34)

(35)

Equation (35) is strictly valid only for an isentropic flow. The
function F = T(e, T), since the real-gas equation of state will
give p =p(e, T) and a = a(e, T) [from Eq. (4)].

Since the jumps in 7 and Y are assumed to be very small, Eq.
(35) may be approximated as

(36)

The specific averaging process used for 7 and f are not impor-
tant here, since we are assuming small values for A7 and AI\
Substituting Eq. (36) into Eq. (33) we obtain

(37)

We further assume that 7 is nearly equal to f (a very reason-
able physical assumption) such that a small term e may be
introduced

so that

^(7-D
f

(38)

(39)

Now, utilizing Eq. (39) and Eq. (28), we may evaluate B
defined in Eq. (29) and C defined in Eq. (30) as

1

(40)

</c

X

2 0
if 1

r i + 6(7l)l/7 (7-Dd-e)^
L f J f

0
0

1 + e(f - 1)
f

If
(f-Dd-6)//

f

0

1

[ ^

j
H

0
tf (7-l)(l-e)

7
tf

The quantities it and // above are defined as

and

~ = i 3 _

(41)

(42)

(43)

We then determine

A=

1 0

[3-7 + ef(7-l)]tf (f-W-ef)

fi-(y- 1)(1 - ey)u2 [1 - e(f - l)]-yri

The eigenvalues of ^4 are found to be

and the corresponding eigenvectors

<?,=

(44)

1

if2/2
.*. 1

H+iid
.*. 1

H-M

(45)

(46)

where u and // are previously defined and with Eq. (28)

(47)

We see that for the case of a perfect gas where 7 = f = 7, the
original formulation of Roe is obtained.

The next step of applying Roe's procedure in developing the
solution to the approximate Riemann problem consists of
projecting AF onto the eigenvectors of A such that

AF= £ \jdjSj (48)
j= 1

where a, are the strength of each wave traveling at wave speed
\i. The oij may be formally found by diagonalizing A

Ag (49)

where the columns of S are the right eigenvectors of A, and A
is a diagonal matrix composed of the eigenvalues of A. Then,
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(«i a2 oi3)T= $-lAQ, and we find that

Alternately, we may recombine the jumps in the elements of
Ag in Eq. (50) into jumps in A/7, Ap, and Au using Eq. (37) as

p4/p1-100 T4A1-30

— S-W »/ real gas
X EXACT real gas
A EXACT pert gas

0.0 0.2 0.4 0.6 0.8 X

a) Shock-tube problem—pressure distribution

= (1/202)[A/?

(5 la)

(51b)

where p = (p(pr)l/2. The above form of wave strengths corre-
sponds to the original development of Roe's method, but the
appropriate "averaging" of d for a real gas [Eq. (47)] must be
used. The interface fluxes used in algorithm are then com-
puted from

(52)

P/P1

0.0 0.2 0.4 0.6 0.8 X

b) Shock-tube problem—density distribution

Applications
The first illustration of this method is for a one-dimensional

unsteady flow computation using the Steger-Warming flux
splitting, as developed for real gases in Eqs. (18) and (19). We
have chosen a shock-tube problem with a very high tempera-
ture and high-pressure driver section. The conditions used are
for the driver:

p4 = 100 atm
T4 = 9000 K
P4 = 2.641 kg/m3

e4 = 5216 Kcal/kg

and for the driven

Pi = 1 atm
T! = 300 K
Pi = 1.174 kg/m3

ei = 51.33 Kcal/kg

The gas is equilibrium air. We have used the simplified curve
fits of Ref. 8 for the calculation, both finite difference and
exact. The exact computation is nontrivial and involves itera-
tive procedures for the shock and numerical quadratures for
the centered expansion. A discussion of the exact shock-tube
solution for real gases may be found in Ref. 5.

We utilized a second-order-accurate in space and time-nu-
merical algorithm for the finite-difference solution to this
problem. Spatial differences were developed with a MUSCL
differencing approach, as discussed in Ref. 6. The two-step
algorithm may be written as

a = 'or - [F+(Qr+ *> - r+(Qr- *)i

E/E1

100

80

AAAAAAA A A

0.0 0.2 0.4 0.6 0.8 X

c) Shock-tube problem—total energy distribution

0.0 0.2 0.4 0.6 0.8 x

d) Shock-tube problem—velocity distribution

Fig. 1 Shock-tube problem. Numerical solution with Steger-Warm-
ing flux-vector splitting for equilibrium air.
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and

where the split fluxes F* are given in Eq. (19), and for
second-order spatial accuracy

Qi\ * = Qi+ 1 + i/2(Q/+ 1 - e/+2)
We applied this MUSCL extrapolation to p, pu, and also to
the pressure p as determined from the equilibrium flow tables
and 7 from Eq. (14). The flux (pE)f+ i/2 was found from/?, p,
pu, and 7. We also incorporated a flux limiter, the so-called
min-mod limiter.6'9

We computed the shock-tube problem with 180 mesh points
in the x -direction and 162 time steps with the shock moving
from x = 0.50 to approximately x = 0.75. The numerical cal-
culation using the Steger- Warming splitting labeled S-W along
with exact perfect and real gas solutions are shown in Fig. 1
for the quantities p/p\, p/p\, E/E\, and u/a\. The results are
generally in excellent agreement with the exact real-gas solu-
tion. The shocks are captured very sharply with some slight
smearing across the contact surface. The problem has an
exceptional strong jump across the contact, as seen in the
density and energy plots.

Implementation of equilibrium air properties into an exist-
ing two-dimensional flux-vector split (FVS) perfect gas Euler
code is a straightforward extension of the one-dimensional
case. The cell-centered finite-volume code, as described in
Ref. 10, utilizes the Van Leer flux splittings.

The flux vectors (unsplit and split) for the equilibrium air
code were obtained by replacing the pressure calculated from
a perfect gas equation of state with the pressure determined by
an equilibrium air curve fit p = p(p,e), using the code de-
scribed in Ref. 7, and the constant ratio of specific heats 7 was
replaced by the equivalent y(p,e) given by Eq. (14). The Jaco-
bian matrices associated with the linearization of the flux
vectors are likewise altered.

In order to obtain values of the conserved variables Q = [p,
p_u, pv, pE]Tat a cell face for the flux calculations, the variable
Qe = [p> Pu> pv, p, y]T was extrapolated from cell centers to
cell faces by use of

All of the cell-face values of the conserved variables are
known and, hence, the split-flux contributions can be deter-
mined. The splitting in the J-direction is based on the testing
of the equivalent Mach number

MS. = a/a
where u is the velocity component at the cell face normal to a
line of constant £, and a is the equivalent speed of sound
defined by Eq. (13). Similar formulas hold in the rj-direction.

As an initial two-dimensional test case, a high-temperature
internal flow through a simple inlet was considered. The inlet
consisted of a 10 deg wedge followed by a 10 deg expansion
and is symmetric about the center line. The 201 x 51 grid was
uniformly spaced in the x-direction and slightly clustered near
the wall in the y-direction. At the inflow boundary, all condi-
tions were held constant at the reference conditions of
r^ = 3573 K, poo = 101,325 N/m2, Poo = 0.0883 kg/m3, and
Mo, = 5.0. The outflow boundary is supersonic; therefore, no
conditions are specified there. On the surface, wall tangency
was enforced along with imposing that the wall enthalpy,

T(1Q

a) Surface temperature distribution

b) Surface pressure distribution

c) Surface density distribution

Fig. 2 Supersonic wedge problem. Freestream conditions: Moo = 5,
Too = 3573 K, poo = 101,325 N/m2, POO = 0.0883 kg/m3. Numerical so-
lutions with Van Leer flux-vector splitting for equilibrium air and
perfect gas.

and K controls the spatial accuracy (K = — 1 for a fully upwind,
second-order scheme). The term Sjj is a limiter, determined
from

and e = 10~6. Having computed the cell-face values Qe, the
total energy is calculated from

p t P(u2+v2)
PZ = ~———7 + ————~————7- 1 2

Fig. 3 Supersonic wedge problem. Equilibrium air temperature con-
tours.
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Fig. 4 Hypersonic blunt-body problem. Grid distribution on a 41 x
81 mesh.

O——————— Perfect Gas
A——————— Equilibrium Air

P/P«

eq. air jump-
perf. gaa jump"

4*6*3

a) Hypersonic blunt-body problem—surface pressure distribution

T

equ i l i b r i um a i r b) Hypersonic blunt-body problem—surface temperature distribution

per fec t gas

Fig. 5 Hypersonic blunt-body problem. Pressure contour compari-
son for equilibrium and perfect gas. Freestream conditions: Moo = 15,
Too = 295 K, poo = 170 N/m2, poo = 0.002 kg/m3. Numerical solutions
with Roe's flux-difference splitting.

entropy, and pressure are equal to the values at the first cell
center off of the wall. Symmetry conditions were used on the
grid center line. Figure 2 compares numerical and theoretical
predictions for temperature, pressure, and density distribu-
tions for both perfect gas and equilibrium air equations of
state. Obviously, a major discrepancy exists in the tempera-
ture prediction between the perfect and equilibrium air mod-
els. Temperature contours are also plotted in Fig. 3 to give an
indication of the geometry.

The algorithm used to solve the governing equations is a
vectorized version of vertical line Gauss-Seidel, written for the
CYBER-205 at NASA Langley. The CPU time per iteration
per mesh point of the perfect gas version is 58 ^ts/iter/mp,
whereas the real gas version runs at 96 /^s/iter/mp. However,

P/Pa

c) Hypersonic blunt-body problem—surface density distribution
Fig. 6 Hypersonic blunt-body problem, surface distribution com-
parisons. Numerical solutions with Roe's flux-difference splitting.

the equilibrium air pressure calculation is presently being done
with a scalar routine. It is expected that the vectorized version
will significantly reduce the differences that exist between the
perfect and real gas CPU times. For both codes, the CPU
time/iteration can be reduced roughly by half by saving and
reusing the LU decomposition.

Another test case considered was the Mach 15 flow over the
blunt body shown in Fig. 4. As indicated in the figure, a
relatively course 41 x 81 grid was used for this calculation.
Reference conditions were chosen to correspond to atmo-
spheric conditions at an altitude of 45 km: p = 170 N/m2,
p = 0.002 kg/m3, T = 295 K. For this case, solutions were
generated using both perfect gas and equilibrium air versions
of Roe's flux-difference splitting (FDS) approach. A compar-
ison of pressure contours between the perfect gas and equi-
librium air solutions using FDS is shown in Fig. 5. Major
differences may be seen to exist in the contour plots, especially
with respect to shock standoff distance. Figure 6 compares the
distribution of pressure, temperature, and density on the sym-
metry line. In addition, the exact solution for a normal shock
has been indicated on these figures, using both perfect gas and
equilibrium air equations of state, since on the symmetry line
the bow shock is effectively normal. Finally, Fig. 7 contains
plots of pressure, temperature, and density on the surface of
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Perfect Gas
Equilibrium Air

a) Hypersonic blunt-body problem—pressure distribution along sym-
metry line

b) Hypersonic blunt-body problem—temperature distribution along
symmetry line

c) Hypersonic blunt-body problem—density distribution along sym-
metry line
Fig. 7 Hypersonic blunt-body problem, symmetry line comparisons.
Numerical solutions with Roe's flux-difference splitting.

the body. The perfect gas and equilibrium air surface pressure
distributions essentially coincide, whereas there are very sig-
nificant differences in the temperature and density distribu-
tions, especially in the stagnation region.

Concluding Remarks
A new set of flux-splitting procedures have been developed

for real gas flow computations. The approach, which takes the
form of an equivalent y representation, approximately ac-
counts for real gas effects in the structure of the flux-split
algorithms. The methods may be easily included into existing

perfect gas codes incorporating the Steger-Warming and Van
Leer flux-vector splittings and the Roe flux-difference split-
ting. Results presented here show excellent agreement with
exact solutions for the high-temperature flow of air in chemi-
cal equilibrium, in a shock tube, and over a wedge-shoulder
configuration. More details of the method, particularly the
implementation for three-dimensional flows along with more
computational examples, appear in Ref. 11. Some new flux-
split algorithms, which do not depend upon the approxima-
tions utilized here, have recently been developed by Vinokur
and Liu12 and Glaister.13 These algorithms should, in princi-
ple, be more accurate than those presented here. However,
they appear to be more complicated to implement and possibly
computationally expensive. In addition, multidimensional so-
lutions have not yet been presented with these methods.
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